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1.1 Influence de lazote 
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1.2 La photopériode 
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2. Les glycolipides : des acteurs de la photosynthèse ?
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3. Les huiles du phytoplancton comme source de 
biocarburant 
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4. Organisation du manuscrit 
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2. Les lipides du phytoplancton 
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2.1 Rappel sur les différents lipides en présence 
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2.1.1 Les principaux lipides des chloroplastes 
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2.1.2 Les lipides des autres membranes 
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2.1.3 Les lipides neutres, des lipides de réserves 
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2.2 Le métabolisme lipidique 
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2.3 La composition lipidique des micro-algues eucaryotes 
$ ! BED  )C CB CB C	(ECB CBE 	ADFDE CD DDC #C' D 	D
D!	CCB .CB+0CBAECBDE!!CDA(CDF	D:IDB	TCAFC  C!CDEC
&&A	CDECBEC#D)CB<CEDE!!CDEC#	!E	 #C'CBC)DB	CDBCDABB	
! BEDCDCB	BCB&&A	CDEB CB+0CBAECBDEBFCDEAEA!EFACB 	
! 	EDC CB 	DB!CB  #(E DED)CB CD )E	C+  BBBE C AEC	!DC	
C	B )EAB DE	EFCB DB C E C BACEDDC	 CB  B   	 	ACB  	 #)C E( C
ACFC+"DBCBEDE!!CDEDEA	CBBABECDC	CDE	(A	CB,#ECFC	ADC	AE)C-
CECDC	B (DBE	AB,CB	BCBBCDECB-+
2.3.1 Teneur en lipides totaux 
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2.3.2 Les différentes classes de lipides 
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2.3.3 Les acides gras 
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2.3.4 Variations interclonales  
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3. Linfluence du cycle cellulaire et du cycle nycthéméral 
sur la composition lipidique 
3.1 Influence du cycle cellulaire 
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3.1.1 Contrôle du cycle cellulaire par la croissance  
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3.1.2 La composante lipidique de la croissance somatique 
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3.2 Influence du cycle nycthéméral (jour/nuit) 
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4. Conditions environnementales et productions qualitative 
et quantitative de lipides 
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4.1. Généralités 
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4.2 Adaptation ou acclimatation ? 
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4.3 Influence de la concentration en nitrate du milieu 
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4.3.1 La carence en azote provoque un arrêt de la division cellulaire  
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4.3.2 La carence entraîne une accumulation de triglycérides et de sucres 
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4.3.3 La carence en azote provoque une diminution de lactivité 
photosynthétique  
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4.3.4 La carence en azote modifie la composition en acide gras des 
glycérolipides 
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4.4 Influence de la lumière 
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4.4.1 Modification des classes de lipides 
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4.4.2 Modification de linsaturation de ces lipides
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4.5 Influence de la température 
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5. Conclusion 
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1. Cultures fermées versus cultures en continu 
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1.2 Les cultures continues 
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1.2.1 Le chémostat 
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1.2.2 Le turbidostat, condition limite du chemostat
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1.2.3 Le cyclostat 
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2. Lautomate de culture 
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3. Choix de l'espèce de micro-algue 
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4. Les variables physico-chimiques 
4.1 Composition du milieu 
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4.3 Lumière 
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4.4 Température 
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4.5 Axénicité 
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4.6 Homogénéité de la culture 
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4.7 Mesure de lazote inorganique dissous 
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5. Les différents descripteurs des microalgues 
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5.1 Concentration cellulaire, Taille des cellules, Biovolume total 
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5.2 Azote et carbone particulaire 
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5.3 Chla, sucres totaux, protéines totales 
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6. Quantification des lipides 
6.1 Extraction, séparation et analyse des lipides (méthode 
biochimique) 
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6.1.1 Extraction des lipides totaux 
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6.1.2 Séparation des lipides totaux en 3 fractions : glycolipides, 
phospholipides et neutres. 
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6.1.3 Quantification des classes de glycolipide  
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6.1.4 Composition en acides gras dun extrait lipidique 
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6.2 Quantification des lipides par la méthode du Nile red 
$EC#D)CD(BCCB CB #(E DED)CBCBEBBC'DCCE&BECBC	CC
	C)C	EDCBA 	EDC!BBCCC #BC)CBC<DCCE	EDC #BC
 )C< CE DC )DE&ED CB BBCB C  CB+ 0CB  A	EDB BDE EC! 	CC!CDE
&&A	ACBC #BCC 	EDCB!	CB<CB	EC)*D*CBE B BBC*EBC	
C BC #!)C  	 F	 D DC CD EC! B 	AC     )C *DC E	C+
	EDE< DC CBE!ED 	 C CB  CB  #(E DED)CB B*F.	C DACBB	C  	
 E!BC	 C DE	JC C  	AAB FBDE B BB	C	 CEEC  	ED< 	 !!C DB C
FC		DB<CB CBDDE B&	C!CDECB!;!CB(D!)CBEC! 	CCB)CC	CBECC
!BBC+
NDCE	C  	#C	!!CDEEBAC 	!CB	CCB CBCBEEC#D)CC
!	)CGC	C+0C&	#	!C CE;E	CCEACEA!CEE	CC&	CBCDC	B)
BC E	FC DB D CDF	DDC!CDE  	C+    CE D ;E	C EBA  	 BC	 CB  CB
DE	C	CB #(E DED+0CEEC!AE#C E)C<AEDECD 	D CB! CCE	 CB
!CEE	CCDCF	C<AEAEBAC 	.C!CDE!CB	CB#!)CB 	   	ECB
C A	CDCB	ABACB+
4CD )C B! C CD   	CDC< C  	EC  h ;E	C  E!BA &D C 	DE	 
&EACB!CB	CB+0*CBE 	)8C 	ABCDEC)C)CBDDACB	CEFCBBCEEC!AE#C<
)BDEBBCBCEEA	E	CCECDBC A	CDCB	E	C+

6.2.1 Propriétés de la molécule 
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6.2.2 Modification des spectres dexcitation et démission du Nile red en 
fonction de lenvironnement lipidique. 
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6.2.3 Temps dincubation, saturation du matériel lipidique 
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6.2.4 Saturation du matériel par le Nile red 
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6.2.5 Influence de la concentration cellulaire 
GBFDBAC!CDEAEAD&CDCCDCDE	EDC	CB	!CB	CC C
,>	C9-+	C C:6IH:EI l	CEDCDE	C)DEEACCCCE&	CBCDC
CBE CD DA	C CE  BBC  	 	DC+ 0CB BC	FEDB A!DE	CDE DA CDDC C 
	CEDGC	CH$ CFBBFBCDCDE	EDC	C+CBEDDEC<CDEEB
 	<8BEC	DCDE	EDC	C 		ABC	CB!CB	CBC&	CBCDC
GC	C+

FE
Cell concentration (106cell.mL-1)
0,0 0,2 0,4 0,6 0,8 1,0 1,2 1,4 1,6 1,8
N
ile
 R
ed
 F
lu
o
re
sc
en
ce
0
20
40
60
80
100
120

AA+0A-A$CDAAC	ABA"CAACDADACCCDAB	*AA
DABCABACDACAF8*4EFA+EAFAEAFA1EAFA0EAFA4EABDA4EAA1ACABACA
BBA F038I458A-A >A &A A 48I438A-A >A &A A 408I58A-A DCA *A =DA A CA DA
DAA#CABAAB(&A	DCA?A48ADAEABAC*A
Lipides neutres (mg.L-1)
0 2 4 6 8 10 12 14 16
F
lu
o
re
sc
en
ce
 d
u
 N
ile
 r
ed
 (
U
)
0
20
40
60
80
100
120

AA+4A-A$CDAACDA"CABA#CABAF48I438&AHIHEAACDADAACBA
AFE*+AE	AD.ADAA	DDAAC*AA
 FF
6.2.6 Relation entre la fluorescence du Nile red et la quantité de lipide 
neutre 
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6.2.7 Conclusion
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7. Traitement des données 
7.1 Les différents types de normalisation 
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7.2 Carbone total vs. masse sèche 
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7.3 Taux de croissance et productivité 

 	E	CBDDACB	ECB!CB	ACB,!+$CCB+$-D CEC	CBEC
	BBDCB A&)CCECBEC 	ED, 	EFEA-+
ADABADA	"(D! BDE	(DEDCDCDE	ED0DB
E	CCBE%

F


! 

 +⋅=

A A A ,8-  ,-
0CE CE;E	CCBE!AB 	E	CB!CB	CBB	.ECB	ABACBEC! BECEE6 	%
  
FF
F
F
! 

 +
−






=
6

6
-,
-,
D
  ,8-  ,6-
DBCEECAEC<P0<PG$CEP	BDECBEC	BBDCB A&)C	DC<CB CB
DCE	CBCECBB	CB	CB CEFC!CDE+P0CCBECECFBDC	C+AEEBEC
#A!BEE,	BBDCA)	AC-CBEBDE< 	A&DED<AECEDC
E	C+
A DA BA BA FA B	A D	!BAB  	 C 	DC BDE AB C 
!D.	CBFDEC%
 





!B ⋅=   ,!+!0+8-  ,7-

$ 	EFEAD	!BAC 	C	DC ,!+!0
+8-DBBC!C BDEA	CBBDEC)C
CCD	!BAC 	CF!C)C	AEC	,!+$+8-	CCCBEDA CDDEC
DFCC!BBCC E	C+GBDBB!!CB ABDBCBDEDBCE	C
 	CB)CCBDEC	EDCDE	CCCB<DE!!CDE 	.BB!.	C<	CBEE!EAC
C !D.	C B  F	 BC &BC	 B	 CB !ADB!CB ! )AB DB !ED C
I9
	ABC	FCB+ GAD!DB<  	  	A	C CB  	EFEAB  	 DEA C F!C  C B	&C C
 #E	AEC	<&EB BC	D&	!EDBB	! EDC!DEDC!.	C
!(CDDC,CDBC!BBCE	.BACFAC-B	CB!ADB!CBC 	EDCECBE/C
	DCC	ABC	FC+
 I:
I?
 I@
0# E	C7


+3ABC	FCBCE 	EDC CB
DCE	CBCD	CDCCECD!EED'EAC





"VBC	)CBED%

 !EDCEC 	EDC CBCECB	CB
 C&&A	CDCCDE	C	CDCCE!EED
 C 	EFEACD#C
 C!ABEDC 	EDC CCECB	C



IE

 IF
!!	C
1. NEUTRAL LIPIDS AND CARBOHYDRATES PRODUCTIVITIES AS A 
RESPONSE TO THE NITROGEN STATUS IN THE HAPTOPHYCEAE 
ISOCHRYSIS SP. (T-ISO)...................................................................................... 113 
+*+A)B************************************************************************************************************************************************* ++0A
+*ADDCADBA B********************************************************************************************************************************* ++5A
+*1A$C ********************************************************************************************************************************************************** +8A
+7+ C	!CDE%GBE	FEDD	CFC	(+ +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 6I
+7+6 C	!CDE6%G!EED++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 6
+7+63CEDCEMCCD0BE	CDG)E+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 6F
+*0A=***************************************************************************************************************************************************** +18A
+9+!ED&0	CBC	FCBD	CB DBCEG!EED +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 7I
+9+6G$!EDFC	BB 	ED++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 76
+9+7#(B&DEDBDCFDECB&		CBC	FCB(D!B+++++++++++++++++++++++++++++++++++++++++++ 79
+9+90	#(	ECDDCE	  	EFE(++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 7:
2. MODELISER LA PRODUCTION DHUILE PAR ISOCHRYSIS SP. DANS 
DIFFERENTES CONDITIONS DE LIMITATION PAR LAZOTE ........................... 137 
*+A>	DABAEB.C******************************************************************************************************************************* +12A
*AEDABACDAB	AA CABADC ********************************************************************************* +13A
I
 
	ABCDEED# E	C


$  	C!.	C  	EC C C # E	C &E *8CE *D 	EC B!B B  	CFC 1	D &
#((CEBC&BCB		CEDCDE	CCBEEE'EACECB 	EFEABCD#CCECD
B	C	B + ACDB&&A	CDECBDEDBC!EED'EAC+GB 	ABCDEDB
CDBEC D !.C !E#A!E)C )  AEA DBE	E CD 	ED FC G3 CE )
 C	!CEC!ABC		BBDCCE!EDC	ABC	FCB 	C #(E DED	B
C	CDCBCEC!EEDB 	'EC,	CEEF	A+<4	CBB	CBDC#D(<6I-+
A
>DA	CDA
A
DBC# E	CDB!DE	DB)C	CEDCDE	CB DEACD'ECCEECDC	CD
 CD*CBE B!DEDC<!B 	ABCDECD	E.	C#(BEA	AE)C+$CBCCB	
B +!CDECB CBDCE	CBE	DBE	C!CDE	B BBC*DC	BBDC&	ECFC	B
DC 	BBDC &C+ $ !EED 'EAC CD 	BBDC A)	AC DCDE	LDC  B
!ED C  CB+ "D BC	FC DC 	CED DA	C A	BBDEC CDE	C C )E CD
B	C CE CD 'EC DB EECB CB DEDB C !EED 'EAC AEACB+ GE	C AEC 
AC!CDE  C	!B C AEC	!DC	 CB  	EFEAB CD  CB DCE	CB CE CD B	CB DB
&&A	CDECBDEDBC!EED'EAC+

6
 7
1. Neutral lipids and carbohydrates productivities as a 
response to the nitrogen status in the Haptophyceae 
Isochrysis sp. (T-iso) 
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1.3 Results  
1.3.1 Experiment 1: N starvation and recovery.  
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1.3.2 Relation between C storage and N quota. 
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1.4 Discussion
1.4.1 Accumulation of C reserves in response to N limitation 
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1.4.2 NL accumulation versus production 
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1.4.3 Physiological functions and ecological advantages for reserves 
dynamics 
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1.4.4 Carbohydrate and neutral lipid productivity 
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2.1 Présentation du modèle 
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2.2 Optimisation de la productivité en huile des algues  
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2. Qualité des huiles produites : la composition en acides 
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2.1 La composition en acides gras des lipides neutres et lipides 
totaux 
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Chlamydomonas 
reinhardtii  
Isochrysis sp. Neochloris 
oleoabundans 
Cylindrotheca 
closterium 
Acide gras 
Lipides 
totaux TAG 
Lipides 
Totaux TAG 
Lipides 
Totaux TAG FFA 
Lipides 
Totaux TAG
14:0 0,3 0,4 26,6 19,2 1,2 0,9 1,8 8,8 7,5 
ISO 17:0 0,5 0,3 - - 1,4 1,9 0,9    
16:0 29,9 24,7 15,9 15,2 36,3 20,0 15,4 38,8 35,7
18:0 4,4 4,9 3,5 6,6 1,9 4,0 5,5 0,8 0,6 
22:0 0,1 0,1 0,9 1,4 - - - - - 
24:0 0,1 0,1 - - 0,2 0,3 0,4 - - 
16:1trans3 3,7 4,0 0,1 0,1 2,2 1,6 2,2 - - 
16:17 - - 1,2 0,6 4,2 3,6 11,5 26,7 26,1
16:15 - - - - - - - 0,7 0,6 
18:19 9,0 11,3 22,9 33,0 11,8 40,5 12,0 6,8 6,8 
18:17 7,0 6,6 1,4 0,6 10,3 3,3 5,2 0,3 0,2 
20:19 0,3 0,4 - - 0,1 0,2 0,2 - - 
16:27 1,6 1,8 - - 2,9 1,3 4,1 - - 
18:26 10,4 11,9 6,5 11,2 14,6 16,5 15,5 2,3 2,6 
16:36 0,4 0,5 - - - - - - - 
16:33 3,1 4,0 - - - - - - - 
18:36 - - - - 1,3 1,3 11,2 1,8 2,1 
18:3 ? 9,4 7,8 - - - - - - - 
18:33 11,6 12,3 2,1 0,7 5,4 1,6 7,8 - - 
16:43 4,6 5,6 - - - - - - - 
20:36 - - - - - - - 1,2 1,7 
18:43 - - 5,0 2,6 - - - 0,4 0,6 
20:46 - - 0,2 0,5 - - - 4,8 6,6 
18:53 - - 1,4 0,5 - - -    
20:53 - - 0,4 0,5 - - - 2,9 5,5 
22:56 - - 1,2 0,3 - - - 0,2 0,1 
22:63 - - 6,7 3,7 - - - 0,1 0,2 
Insaturation 0.77 0.86 0.33 0.26 0.41 0.28 0.77 0.16 0.25
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2.2 Lhuile dalgue comme biodiesel ?A
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Norme 
EN 
14214 
Colza Isochry
sis sp.
Neochloris 
oleoabundans
Cylindrotheca 
closterium 
Chlamydomonas 
reinhardtii 
Insaturés (%) - 7 42.41 27.00 43.76 30.62 
Monoinsaturés 
(%) 
- 59 34.31 46.06 33.62 22.32 
Polyinsaturés 
(%) 
- 32 20.08 20.72 19.43 45.54 
Taux 
d'insaturation - 0.33 0.21 0.22 0.20 0.46 
Indice d'iode <120 97-107 83 81 92 130 
Indice de cetane >51 45-60 61 57 62 54 
Viscosité 
cinématique à 
40°C (!!6+B-
3.5<V<5 3.7 3.5 3.8 3.3 3.1 
Polyinsaturés >4 
(%) 
<1 0.0 8.2 0.0 13.0 5.6 
Linoleate (%) <12 20.0 11.2 16.5 2.6 11.9 
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3. Influence d'une carence en azote sur la composition des 
huiles produites 
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3. Results 
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3.2 N starvation and recovery phases 
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4. Discussion 
4.1 N and C assimilations in a synchronized population  
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4.2 Lipid and TC metabolism in N-sufficient growth under 
alternative light 
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4.3 Nighttime losses and the role of C reserves in alternative light
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4.4 TC and neutral lipid metabolism in starvation under L/D cycle 
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5. Conclusion 
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2. Material and methods 
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3. Results 
3.1 L/D cycle, Experiment 1 
3.1.1 Physiology: cell growth and division 
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3.1.2 Glycolipid composition 
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A AC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A
Time of the day 10:00 14:00 18:00 22:00 2:00 6:00 10:00 
Fatty acid               
14:0 13.48 11.82 18.38 20.78 19.64 15.32 11.77 
15:0 0.18 0.21 0.67 0.25 0.32 0.21 0.28 
16:0 5.17 8.02 9.02 7.12 8.24 6.53 6.85 
18:0 0.61 0.82 1.47 0.70 1.32 0.71 0.91 
22:0 0.03 0.04 0.07 0.04 0.12 0.02 0.05 
Total Satured 20.47 21.37 30.95 29.63 30.79 23.56 21.23 
14:15 0.80 0.41 0.98 0.84 0.80 0.86 0.54 
16:19 0.33 0.34 0.39 0.31 0.59 0.41 0.43 
16:17 3.31 2.24 3.10 2.92 3.57 2.88 3.86 
16:15 0.21 0.20 0.22 0.23 0.42 0.57 0.48 
18:19 7.77 12.68 11.15 12.02 12.46 11.93 8.59 
18:17 0.71 1.08 1.08 1.30 1.37 1.14 0.94 
18:15 0.30 0.30 0.43 0.43 0.40 0.24 0.44 
19:18 0.15 0.21 0.08 0.12 0.11 0.64 0.27 
Total monoene 14.07 17.87 17.60 18.42 20.01 18.75 16.20 
16:26 0.97 0.70 0.65 0.77 0.85 0.95 0.84 
16:24 0.49 0.28 0.29 0.38 0.40 0.43 0.51 
18:26 2.50 3.56 3.57 3.73 3.93 3.28 2.50 
20:26 0.52 0.51 0.30 0.35 0.26 0.32 0.39 
Total diene 4.47 5.05 4.81 5.23 5.43 4.97 4.24 
16:34 0.19 0.14 0.12 0.17 0.13 0.14 0.16 
18:36 0.84 1.01 0.68 0.77 0.98 0.84 0.86 
18:33 2.92 3.65 2.34 2.59 2.93 3.18 4.08 
20:33 0.34 0.35 0.25 0.26 0.18 0.22 0.38 
Total Triene 4.46 5.32 3.56 3.98 4.35 4.47 5.68 
16:43 0.13 0.11 0.11 0.11 0.14 0.13 0.28 
18:43 32.01 28.17 24.33 24.28 24.03 29.06 30.63 
18:41 1.79 0.95 1.32 0.39 0.46 1.00 1.23 
20:46 0.04 0.07 0.04 0.13 0.03 0.01 0.05 
20:43 0.03 0.09 0.04 0.03 0.02 0.01 0.43 
22:46 0.06 0.07 0.07 0.09 0.07 0.01 0.01 
Total Tetraene 34.19 29.54 25.98 25.07 24.83 30.27 32.70 
18:53 17.21 14.61 12.35 10.07 9.07 12.88 15.36 
20:53 0.30 0.61 0.52 0.47 0.27 0.27 0.44 
21:53 0.19 0.15 0.08 0.12 0.15 0.12 0.18 
22:56 0.60 0.74 0.48 0.82 0.70 0.61 0.51 
22:53 0.15 0.14 0.14 1.31 0.12 0.08 0.12 
Total Pentaène 18.45 16.25 13.58 12.79 10.31 13.95 16.62 
22:63 3.89 4.61 3.52 4.88 4.28 4.04 3.33 
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A
Growth rate 
(d-1) 0.0 0.2 0.4 0.6 0.8 1.0 
Fatty acid       
14:0 15.25 14.08 17.56 20.15 20.05 14.15 
15:0 0.24 0.24 0.28 0.27 0.26 0.13 
16:0 9.54 12.21 11.76 11.77 9.65 6.72 
18:0 0.65 3.50 1.92 1.80 1.24 0.99 
22:0 0.10 0.12 0.04 0.05 0.00 0.06 
Total satured 26.22 30.67 32.15 34.61 32.04 22.92 
14:15 0.27 0.33 0.49 0.58 0.62 0.44 
16:19 0.54 0.20 0.41 0.46 0.37 0.28 
16:17 1.51 1.88 2.97 2.56 1.71 1.19 
16:15 0.15 0.20 0.45 0.37 0.24 0.22 
18:19 27.33 23.83 20.61 18.94 18.03 17.68 
18:17 4.23 2.85 2.14 1.65 2.08 2.19 
18:15 0.34 1.96 0.54 0.73 0.71 0.61 
Total Monoene 34.69 31.32 28.12 25.57 24.01 23.04 
16:26 0.12 0.14 0.54 0.53 0.38 0.35 
16:24 0.18 0.24 0.74 0.53 0.29 0.14 
18:26 4.87 5.42 5.01 5.00 5.07 6.26 
20:26 0.15 0.11 0.17 0.20 0.35 0.44 
Total diene 5.32 5.90 6.46 6.27 6.08 7.18 
16:34 0.03 0.02 0.23 0.15 0.14 0.06 
18:36 0.25 0.50 0.57 0.87 0.59 0.88 
18:33 2.59 2.51 2.08 2.26 2.76 2.46 
20:33 0.04 0.02 0.10 0.09 0.05 0.18 
Total triene 3.14 3.28 3.25 3.55 3.71 3.86 
16:43 0.04 0.03 0.02 0.01 0.09 0.06 
18:43 17.20 18.06 18.58 19.56 20.89 23.20 
18:41 0.18 0.22 0.44 0.25 0.35 0.57 
Total tetraene 17.58 18.48 19.50 20.16 21.67 24.17 
18:53 3.23 2.78 3.92 4.28 5.58 11.12 
20:53 0.08 0.09 0.11 0.15 0.16 0.36 
21:53 0.44 0.39 0.22 0.19 0.21 0.28 
22:56 1.41 1.33 1.13 0.83 0.99 1.03 
22:53 0.07 0.04 0.16 0.11 0.35 0.27 
Total Pentaene 5.23 4.64 5.54 5.55 7.30 13.07 
22:63 7.82 5.72 4.97 4.28 5.18 5.76 
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3.2 Nitrate limitation: Experiment 2 
3.2.1 Physiology :  
SCBC	FCBD&DE	CB DBC&E#CG)E,GH0	E-EE#CED	EC#DCB<B
 	CEC(E#CC)E!C,	 F?E-+DCC<G)ED	CBCME#ED	EC
,>	C 9-+"D >	C 9< E   C	B E#E E#C0B C& 	ME# 	EC ,P-!CB	C E BEC(
BEEC MB MC 	CEC E G )E ( E#C 	  	CEDB# + #C &&C	CDE 	ME# 	ECB
		CB DCE&&C	CDECFCB&GE	CD!EED+
3.2.2 Glycolipid composition 
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3.2.3 Photosynthetic proteins composition and efficiency parameters. 
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4. Discussion 
2( B 	C E#C !D (C	 B & #	 BE !C!	DCB+C!	DC (C	 B
	D'C E#C!BCFCB D BE	E	CB E#E C CD D E#C	 B# C D D E#C  	CBCDC & E#C	
! DCDEB , 	ECDB< #CBEC		 EF-+ 2(C	  B# C B CEC	!DC ( E#C DE	C &
E#C	  	 #C ,B'C D  	E(- D ( E#C CDE# D CBE	ED & E#C	 &EE( B
,CCDE#C	 FFE-+ 22 B  qDD (C	 &	!D  r E#E D DCFC	E#CCBB &	!
(C	BD 	CBCDC&##!DE& 	ECDB+22D52	C(C	&	!D B+
0#	 BE ,CB C( E#(/- !C!	DCB #FC  FC	( ##  	ECD E   	E D
DBC)CDE( D B  	E FC	( ##  	 	ED &22 D DBE	EC &EE( + #C
 	 	ED & 22< CBE	ED D CDE# & (  &EE(  ECE#C	 ME# E#C
DDC& 	ECDBDE#C!C!	DCB	C! 	EDE 	!CEC	BE#ECEC	!DCE#CBE	E	C
& E#C	    #BC ,	(BE< & C-+ D CDC	< ## !DE & 22 D ## >
CBE	EDECDE&	!&B	D'C!C!	DCBDE#C 	CBCDC& 	ECDBECDBE
C	CBC!C!	DC&E(+#C!C!	DCBE	E	C (BD! 	EDE	CDE#C	CED
& E#C EFE( & E#C  	ECDB E#E 	C C!CC E#C	CD ,C U	8&& FF@-+ !C BECB
B#MC E#E !D( (C	 B #FC B C& DEC	EDB ME# #	 BE  	ECDB
BCBED	CE 	CB D E#C!ED& E#C	EFE( ,5DDDS!BFE7<1DCB
6II@-+#(E D/EDCB#FCCFC CB #BEEC!C#DB!BEB	FFCD&EED
CDF	D!CDEBME# #EB(DE#CE!EDCDDC&E#C!BE! 	EDE 	CBBCB+#C
BC DEE CEMCCD #	 BE (  B D  #EB(BEC! ! CCB BCBE  BE	D
BE	E	C&DED DEC	C CDCDC CEMCCD E#C!+ (  B 	C  ECDE !E	B D
 #EB(DE#CE!EDECDF	D!CDE#DCB+
	 	!CEC	E#E!&CBC #(B(BGE	CDFE(+#CDCEFCC&&CE
& G!EED D  #EB(DE#CBB #B CCD C!DBE	EC B  	CC C&&CD( & E#C
 6:
 #EB(BEC!B&	CBCDC(C,>/MB/	EF	AFEF<C	'D>/MB/FEF<2CC	
D$3#CFF7-+NDC	BEC(BEECDEDB<E#CC	CC&G!EEDC&DCBE#CDCE
 #EB(DE#CE 	EC ,"B	DC D 2CC	 FE?< 	 D FF-+ E	( E DC	BED E#C
	CEDB#  CEMCCD (  ! BED D  #EB(DE#CE #	EC	BEB< MC #FC
#BCDEDEC	 	CEE#C	CBEB&E#C 	CBCDEBE(DE#C#E&E#CC C	!CDEB C	&	!C
(C	' D >/MB/ ,FEF- D >/MB/ EF	 A ,FEF-	M# BC B!	 E	CB &
	 AAA	 E DFCBEEC E#C C&&CEB & G !EED D  #EB(DE#CE  	 C	ECB<
	ME# C&&CD( D #	 BE  	ECDB DDC ,>	C ?< ?4-+ D 	 C C	!CDE<
E#22D52CDECDEBD	CBCME#E#CG!EC	ME#	EC+0CB	MD
E I+6  DEDC 9: Y CBB 22 E#D CB 	MD E  + =C	( DEC	CBED(<
>/MB/ EF	 A	 ,FEF- B#MC E#E FC	 E#C B!C 	DC & G!EC 	ME# 	EC<
#EB(BEC!D#EB(BEC!	CEDCDE	CBD(E#	!C?H&DDCBC	CBC
( 97Y< 9:Y D 9:Y 	CB CEFC( ,>	C ?4-+ #CBC BC	FEDB B#M E#C FC	( BC
&DED	CEDB# CBEDCEMCCDE#C!DE& #EB(DE#CE 	ECD! CCBD
E#C!DE&( DM##E#C(	CC!CC+BB#MD(S#ECEF	A	,6II-<E#C
DBD &  	ECDB D!C!	DCB 	CBEB D q(C	 C&&CEBr E#E #DC E#C	  	 C	ECB+
D	CBCB D 22 D 52  	( B  	E E#C D	CBC D !C!	DC  	ECDB (
!DEDDE#(/!C!	DC&DED+#CBB& #EB(DE#CE 	ECD&DEDE((
#DC&E#C	 CDF	D!CDE!(DBC)CDE(CDBE	!CDEDCC	EDE#C	
BBC)CDE C!DED (  BE #BC/CC D  	CBBCB+ /CD/ EF	 A	 ,FFI- B
C!DBE	ECD!EDED	CBCD22D#	 BE 	ECDBDCDE	EDB,30
D$0-&EC	C	CBCD#EDECDBE(<BCBEDE#E	CE	(	CEDCEMCCD
E#C!+D	DCME#	 	CBCDE	CBEB</DU	D,6II6-C!DBE	ECE#EG
!ECCB#FCMC	22D52DECDEE#DGB&&CDECB+

6?
SCBBC	FC,EDEB#MD-MC	22E52	EBE##C		ME#	ECB<D
BD&DEDCEFCDC		CEDB# BCEMCCD22H52D30<30D0(E?H&
,Df @< 36fI+@[ I+?: D I+?I< 	CB CEFC(-+  E#CBC BC	FEDB C! #B'C E#C &DC
	CED&( BB! BED	DCDF	D!CDE#DCB+CB ECEBFC	(M
DCDE	ED< 52 B /C( E  ( D ! 	EDE 	C D E#C 	CED & E#(/
!EDE#DCBD	ME#DEDB+
SCB#FCB#MDE#EGE	CD!EEDCBE!	/CC	CBCD>DBE	ED
E#EBDDCME#E#CM	/&/DU	D,6II6-M#CB	CC	CBCD22
 (DBE	EC>DD D	CBC D22!DCDC D 	CB DBC EGE	CD !EED+
SC! 	CE#C>CBE	EDDCME##EBE	EC0#A%D	!'C #EB(DE#CE
	ECB ,!+0#A- D ME# Hτ< E#C BEC(BEEC< #EBE	EC 	EC & CCE	D E	DFC	
E#	#BDCEFC	CEDCDE	CEDC(C	'D>/MB/,FEF-EFC	(
B!		ECB+SC&D BEFCDC		CEDB# BCEMCCD>CBE	EDDCD!
,Df?[36fI+E-DHτ,!B-,Df?[36fI+F7-<	CB CEFC(+#CBC	CEDB# B!(CD/C
E &&C	CDE  	CBBCB+ E !! 	ME# 	EC< C !( D	CBC EB ( B >
DBE	ED E  	FC  !	C & CDF	D!CDE D M## E#C &&BD  	CBBCB &
 #EB(DE#CE CCE	D E	DB&C	 C!C &BEC	+/ DU	D ,6II6- B#MC  B!	
	CED CEMCCD E#C FCE( & CCE	D E	DB 	E &	! 	CED CDE	CB E#	# E#C
 BE)DDC   D E#C CBE	ED & #	 BE >B+ #C	 CBE	ED &
#	 BE(  B B B  BC E 	FC!	CD#(	B D &CDF	D!CDE E#E
MBDD	CBC!E(&CCE	DE	DB 	E		C	B,BE#C#(	 # BE)DDC
D E#C CCE	D E	DB 	E!C!	DC 	ECDB-+#CBC D	CBC &EE(DBE	ED!(
BC! ECD!C!	DCBE	E	C!&EDBE#EME#C E! /D&
 	CED CDE	CB D E#C	 BBED BEEC ME# E#C	 		CB DD #E #	FCBED
! CCB D E#(/ 	 !C !C!	DCB+ #C (   ! BED ,BB D >
 6@
CBE	ED-BE#E(	CECE!ECEDCM #EB(DE#CEEFE(! BC(DCM
	ME#DEDB+
#C!DED	C!CBB	DBE	DEDC #(B(,	C'CDFF6-+0CB
!EC0	D< CDC	(D 	CD MC		D E#C #E C	 E	MDFC+
EC	DED !DED CB E E#C B(D#	D'ED & CB   ED D E#B E E#C
FC	 &E#CC(CFC	E#C #E C	,0#B#!D0BECFEI-+SCB#MCD
E#BBE(E#E22<22D52!ECDCB	DE#C#E C	ME#
!!! C	 DECDE E E#C CD & E#C (+ #B B D 	CC!CDE ME# E#C M	/ &
/CD/D0	!C,FFI-M#C!DBE	ECE#E22MBD(B(DE#CB'C	DE#C
#E  C	 (A	 B ++ #C BC	FC D	CBC D (  C	 DECDE
	DE#C(,>	C7-B!BE 	(BBECME##	 BECDCBBDC
	ME#[DFC	BC(<E#CC	CBCDC	DECDEB/C(BBECME#E#C 	EEDD
& #	 BEB CEMCCD #EC	 CB 	D C FBD+2	 EF	 A	 ,6IIE- B#MC 
BC  D CEMCCD #	 BE 	ME# D C (C D E#C  CDDEC E!CEA	
FA+ !C BECB B B#MC E#E E#C E!D & #	 BE 	ME# D FBD B
DE	C(E#C #E C	,	DD0EEFF@-ME#D!ED&#	 BE
!EC	B	DE#C#E C	M##BDDCME#	 	CBCDE	CBEB+
0#	 BE D	CBCMBDED/CED	CBC #EB(DE#CEEFE(B!!0
B C&	ME#	ECBMC	C!CB	CE!(+&&C	CDEE#	BB#MCE#E #EB(DE#CE
 E(BDE	CE(	CECEE#(/B'C<0#A		 #EB(DE#CE  	EB! DCDEB
DECDEDC	EC	DED#E,	C'CDFF6<U&ED	EF	AFFF-+DE#BBE(MCD/
C 	ME# D0B C& 	ME# 	ECBME# E#C ! BEDB & ( B D E#C	 >
DECDE+ 0#	 BE !C!	DCB 	C #	EC	'C ( ##  	 	EDB & 22 D
 (DBE	EC&EE(B,CCDE#C	FFE-D	CC!CDEME#E#C 	CBCDEBE(,E%9ω7
DE%:ω7D	C 	CBCDE9FY&EE( &EE(B<CBk6-+SCB#MCE#E
6E
 (DBE	EC> 	 	EDBC	CBC	DE#C(DD	CBC	DE#CD#E+#C
BC	FCF	EDBMC	C /C(C E E#C #EDCE		 B(DE#CBB&!DCDCD
BE	EC ><M## BE  C E E#C CD & E#C (+ DCC<UB EF	 A	 ,FFE- C!DBE	EC
DED(#E&&EE(CBE	BCCDCBDCEF	00?EI7+#CC	CBCD
> CBE	ED 	D E#C #E B  	( C E D !DC CEMCCD > E	 	
B(DE#CBBD>CBE	ED+
SC &D   BEFC DC	 	CEDB#  ,Df9< 36fI+FF- CEMCCD !C!	DC (  >
DBE	EDDB C&0B C&	ME#	EC<D BEFCC DCDE	CEDB# ,Df9<
36fI+FF- CEMCCD 22H22 	E D 0B C& 	ME# 	EC ,- 	D E#C (<
B#MDE#CE#ED/E#ECBEBCEMCCD #EB(DE#CBBEFE(D( ! BED+
#CBCBC	FEDB!(CEE	EC E E#C D	CBDDCCB &	!C!	DC &E(E##
	ME#	EC+B!CDEDCFC< E#CD	CBC&E(B 	C)	C&	C&&CEFC!E(&
CCE	D E	DB 	E 		C	B D B  	E & ##  #EB(DE#CE 	ECB+ U&ED EF	 A	 ,FFF-
C!DBE	ECE#E!ECEFE(DCEEE	+AAA	MB	CB DBC&	E#C
CDC D  #EB(DE#CE EFE( BC	FC D E#C &EC	DD+ $M > DBE	ED D
22H22	E!( DE &	 E#C M EFE( D M #EB(DE#CE EFE(
BC	FCDE#BBE(+
"	EB  	EE#CCE#E!&EDBD( ! BED	CD/CE#DCB
D  #EB(DE#CE #	EC	BEB M#CD 	ME# DEDB 	C !&C ,$H (C< G
!EED-+D	CBCD( DECDEB#MCBE!DEDE#(/!C!	DC
#!CBEBB M#CD !C!	DC  	ECD DCDE	ED D	CBCB+ $/CMBC< > DBE	ED
MBCEBBED## #EB(DE#CEEFE(DFCM&E#CB!	C&&CEBBC	FC D
$H(CDG!EC	ME#+CB EC E#C	FC	( MDCDE	EDB<22D52
  C	E (BD&DE!E	(	CBD #EB(DE#CE!C!	DCBE 	!ECC&&CEFC
	CB DBCECDF	D!CDE#DCB+
 6F
66I
 66




=+BBBDADA	C%
$!EED )CCBCB%	JC
CB2CECB( CB







 
> A	DC	AAEA"DCAFD AAAEA(AFBABACCCAB	
*AED(	ADA#CAB*AACACB(AAED(	AA<DADCA(ACAEEDAA
ED(	AAD*A

666
 667
!!	C
A
A
1- LACCLIMATATION AUX CONTRAINTES DU MILIEU.................................... 225 
2- LA REPONSE LIPIDIQUE AUX CONTRAINTES DU MILIEU : RAPPEL DES 
RESULTATS OBTENUS........................................................................................ 226 
*+AA	A		(ABADC ********************************************************************************************************* 5A
6++$CBE/CC	ABC	FCB +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 66@
6++6$DB!!EDCB	ABC	FCB ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 66F
*AAC,CB******************************************************************************************************************************************** 1+A
3. LES ALGUES POUR PRODUIRE DU BIOCARBURANT ................................. 233 
1*+A9DA*A>B	 ******************************************************************************************************************************** 11A
1*AA,CACEABA-AADDE.ADC ************************************************************************************ 15A
1*1ADA(DC	ABA CAB******************************************************************************************************************* 15A
4. PERSPECTIVES : LA CAPACITE A STOCKER DES LIPIDES : UN AVANTAGE 
COMPETITIF ?....................................................................................................... 237 
0*+A)"CABACBAACDAD ******************************************************************************************************* 12A
9++DBDCDF	DDC!CDEDD!EA<CD!.	CDEDC ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 67F
9++6D	A!CDE	E&F	C+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 67F
9++7D(C1	HGE +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 696
9++9CBC A	CDCBB	ABC	 +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 697
0*A$CCABA	ABDACDA"CDC	********************************************************************************************************** 00A
669




Approvisionnement en énergie
Besoin en énergie pour la croissance
Limitation en nutriments 
Intensité lumineuse
Température
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1- Lacclimatation aux contraintes du milieu 
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2- La réponse lipidique aux contraintes du milieu : Rappel 
des résultats obtenus 
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2.1 Les réserves énergétiques des algues 
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2.1.1 Le stockage de réserves 
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2.1.2 La consommation des réserves 
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2.2 Les glycolipides 
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3. Les algues pour produire du biocarburant 
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3.1 Quota vs. Productivité 
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3.2 Le cycle lumineux diurne : un paramètre crucial
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3.3 La qualité des huiles produites  
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4. Perspectives : La capacité à stocker des lipides : un 
avantage compétitif ? 
4.1 Influence des lipides sur la croissance 
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Productivité de la biomasse (g.L-1.j-1)
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Taux de croissance (j-1)
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4.1.1 Dans un environnement non limité, en lumière continue 
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4.1.2 En régime nutritif variable 
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4.1.3 En cycle Jour/Nuit 
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4.1.4 Des expériences à réaliser  
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4.2 Rôle des réserves dans la flottabilité  
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Annexe 1 
	
DCDA-A'EAADBADAADABDDABAEADAABAC	ABADA
AD;AF' DA0*

Temps (j) 0.00 0.56 0.96 4.59 7.59 
Acides gras           
14:0 23.78 22.85 23.30 23.51 18.05 
15:0 0.17 0.22 0.24 0.45 0.28 
16:0 12.16 11.73 12.31 13.97 11.57 
18:0 5.79 3.81 3.28 1.07 2.86 
19:0 0.18 0.55 0.16 0.24 0.73 
20:0 0.23 0.32 0.23 0.16 0.36 
22:0 1.32 1.07 1.06 0.90 1.15 
Saturé 44.33 41.46 41.26 40.74 36.27 
14:15 0.15 0.18 0.11 0.15 0.27 
16:19 0.39 0.65 0.00 0.00 0.52 
16:17 0.52 0.63 1.33 1.58 1.55 
18:19 29.84 33.74 35.53 34.14 29.42 
20:19 0.20 0.07 0.04 0.10 0.00 
Monoène 32.57 37.21 38.67 37.12 35.72 
16:26 0.05 0.04 0.35 0.08 0.26 
16:24 0.12 0.10 0.16 0.20 0.12 
18:26 8.51 7.37 6.20 5.19 7.70 
20:26 0.11 0.20 0.20 0.17 0.00 
Diène 8.79 7.72 6.91 5.65 8.08 
18:36 0.11 0.10 0.11 0.08 0.17 
18:33 0.59 0.67 0.71 1.34 0.86 
Triène 0.91 1.08 1.17 1.80 1.24 
18:43 3.59 3.23 3.30 6.18 5.64 
Tétraène 3.91 3.84 4.69 6.71 6.03 
18:53 1.86 1.19 0.80 1.05 2.09 
20:53 0.45 0.49 0.40 0.39 0.61 
21:53 0.45 0.24 0.27 0.69 0.47 
22:56 0.87 0.91 0.62 0.67 1.60 
22:53 0.20 0.17 0.14 0.00 0.00 
Pentaène 3.83 3.00 2.24 2.80 4.77 
22:63 5.66 5.68 5.06 5.19 7.89 

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a b s t r a c t
This article proposes a dynamical model of microalgal lipid production under nitrogen limitation. In this
model, intracellular carbon is divided between a functional pool and two storage pools (sugars and neu-
tral lipids). The various intracellular carbon flows between these pools lead to a complex dynamic with a
strong discrepancy between synthesis and mobilization of neutral lipids. The model has been validated
with experiments of Isochrysis aff. galbana (clone T-iso) culture under various nitrogen limitation condi-
tions and under nitrogen starvation. The hysteresis behavior of the neutral lipid quota observed experi-
mentally is accurately predicted.
Ó 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Some microalgal species are known both for their ability to syn-
thesize and accumulate considerable amounts of lipids (Metting,
1996) and for their high growth rate. This potential has led some
authors to consider that microalgae could be one of the main bio-
fuel producers in the future (Huntley and Redalje, 2007; Chisti,
2007). These authors claimed that biodiesel productivities would
be at least in a range of magnitude higher than terrestrial plants
productivities. However, the conditions for neutral lipid accumula-
tion (triacylglycerols are the best substrate to produce biodiesel)
and for high growth rate are generally antagonistic. Nitrogen star-
vation increases the cell lipid content but at the same time strongly
reduces the growth rate (Pruvost et al., 2009; Rodolfi et al., 2009;
Sobczuk and Chisti, 2010). Lipid productivity, which is the outcome
of these two factors, requires a trade-off between biomass produc-
tion and oil content (Hsieh and Wu, 2009; Lv et al., 2010). Nitro-
gen-limited continuous cultures, which allow the control of the cell
growth by maintaining a suboptimal nitrogen level (Falkowski and
Raven,2007),prevent thecells tobecomestarvedandtostopgrowing.
Identifying a trade-off between neutral lipid accumulation and
growth is therefore a key issue for optimizing biodiesel productivity.
The main objective of our work is to develop a dynamical model
able to predict neutral lipid productivity under nitrogen stress in or-
der to propose an optimization strategy. The model is developed on
the basis of experiments carried out in various nitrogen conditions
(replete, limitation and starvation) with the prymnesiophyceae
Isochrysis aff. galbana (clone T-iso). The model complexity must re-
sult from a trade-off between realism, in order to accurately repre-
sent the key variables of the process, and simplicity so that it can
bemathematically tractable and suitable for calibration and to solve
optimal control problems (Bernard and Queinnec, 2008). The sim-
plestmodel for describing growth of a population ofmicroalgae lim-
ited by nitrogen is the Droopmodel (Droop, 1968, 1983). Thismodel
assumes that the growth rate depends on the intracellular concentra-
tion of nitrogen. More accurate models have been proposed to deal
with the coupling between nitrogen and carbon assimilation in vari-
ous light conditions (Geider et al., 1998; Faugeras et al., 2004; Pahlow,
2005; Ross andGeider, 2009), but none of thempredict the lipid frac-
tion. Themodel which is presented in this work is, to our knowledge,
the first one dealing with neutral lipid production by microalgae.
The article is structured as follows: in Section 2, the experimen-
tal approach is presented and the model design and hypotheses are
detailed. Then, we describe the model calibration procedure. In
Section 3, we validate the model with experimental data of a
Isochrysis aff. galbana culture, with various rates of nitrogen limita-
tions. Finally, an analysis of the model behaviour is presented and a
discussion about neutral lipid productivity concludes the article.
2. Methods
2.1. Experimental approach
Cultures of Isochrysis aff. galbana (clone T-iso, CCAP 927/14)
were grown in 5 L cylindrical vessels at constant temperature
0960-8524/$ - see front matter Ó 2010 Elsevier Ltd. All rights reserved.
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(22:0 0:1 C), light (430 30 lmol quanta mÿ2 sÿ1 in the centre
of the culture vessel) and pH (maintained at 8.2 by automatic
injection of CO2). The experiment consists of imposing nitrogen
limitation through a succession of dilution rates changes (1, 0.2,
0.4, 0.6, 0.8 and 1 dÿ1). Each dilution rate was maintained until
the steady state of the internal quota (which is slower than, e.g. cell
density) was apparently reached. Two chemostats were run in par-
allel under identical conditions except for the final days: dilution
was stopped to obtain a nitrogen starvation in photobioreactor A
whereas a nitrogen limitation was imposed (with a low dilution
rate) in photobioreactor B. The influent nitrogen concentration
was modified to maintain biomass concentration in a reduced
range and thus avoid any bias that would result from light change
in the reactor. Fig. 1 presents the operating conditions. The first
part of the experiment (from the beginning to day 18) was used
for model calibration, the remaining set of data is kept for model
validation.
Nitrate and nitrite concentrations were measured every 2 h
with a Technicon Auto-analyzer coupled to an automated data-
acquisition system. The concentrations of particulate carbon and
nitrogen were determined every day on triplicate samples. Ten
millilitres of culture were filtered onto glass-fiber filters (Whatman
GF/C) precombusted at 500 °C for 12 h. Filters were kept at 60 °C
before elemental analysis with a CHN analyzer (Perkin–Elmer
2400 Series II CHNS/O). Cell concentration and size distribution
were automatically measured hourly with an optical particle coun-
ter using the principle of light blockage (Hiac/Royco, Pacific Scien-
tific Instruments) and were used to compute biovolume. A
correlation between biovolume and particulate carbon is used to
convert the biovolume measurements into particulate carbon in
order to have an hourly estimate of particulate carbon. Carbohy-
drate concentrations were determined in duplicate samples of
5 mL of culture filtered onto precombusted glass-fiber filters
(Whatman GF/C). Total carbohydrate concentrations were ana-
lysed by the phenol method (Dubois et al., 1956). Total lipids were
quantitatively extracted using the method of Bligh and Dyer
(1959). After an initial extraction of the tissue with a monophasic
mixture of chloroform:methanol:water (1:2:0.8, v/v), chloroform
and water were added for phase separation. Lipids are present in
the chloroform phase which is evaporated. All lipid extracts were
stored at 80 °C until analysis. To avoid lipid auto-oxidation, a nitro-
gen atmosphere was maintained all the time. Separation of neutral
and polar (glycolipids and phospholipids) lipids was achieved on a
preparative scale by column chromatography on silica gel (Extract-
Clean, Alltech). The neutral lipid fraction was eluted with six col-
umn volumes of chloroform, and then evaporated and weighted.
Lipid and sugar measurements were converted in g[C] using the
following conversion factors: 0.4 g[C] g DWÿ1 for carbohydrates
and 0.76 g[C] g DWÿ1 for neutral lipids (Geider and Roche, 2002).
For more details on the experiment protocol see Le Floc’h et al.
(2002).
2.2. Model design
The objective of themathematicalmodel is to support an optimi-
zation strategy and to guide the trade-off between growth and lipid
accumulation. It must keep complexity at a minimal level to be
mathematically tractable. We therefore limited the number of vari-
ables to themost important ones. We focus on the growth of micro-
algae, whose biomass, in terms of organic carbon, is denoted x.
These microalgae are limited by an inorganic nitrogen source (ni-
trate, denoted s). In line with Ross and Geider (2009), we consider
that organic carbon can be split into functional and storage pools.
The functional compartment (f) includes the biosynthetic apparatus
(proteins and nucleic acids) and the structural material (mem-
branes mainly made of glycolipids and phospholipids). However,
we add a new distinction: the storage pool is divided into a sugar re-
serve compartment (g) and a neutral lipid reserve compartment (l).
Nutrient uptake and biomass growth are known to be uncou-
pled processes for microalgae (Droop, 1983) leading thus to varia-
tions in the internal quota of nutrient.
Nutrient is taken up by the microalgae to make cellular nitrogen
(n) at rate qðsÞ. This flux of nitrogen can be summarized in the fol-
lowing macroscopic reaction which represents the mass flux be-
tween the inorganic and organic compounds:
s !
qðsÞx
n ð1Þ
The absorption rate qðsÞ is taken as a Michaelis–Menten
function:
qðsÞ ¼ qm
s
sþ Ks
ð2Þ
with Ks the half-saturation constant for the substrate and qm the
maximum uptake rate.
In line with the Droop modelling approach, we consider that the
specific growth rate l, i.e. the net incorporation of CO2 is an
increasing function of the internal quota of nutrient qn ¼
n
x
ÿ 
. We
assume that inorganic carbon is first incorporated in the pool of
sugars g:
CO2 !
lðqnÞx
g ð3Þ
This macroscopic reaction summarizes the set of reactions that
occur in the dark phase of photosynthesis, and that lead, through
the Calvin cycle to the production of carbohydrates such as glucose
6-phosphate (Falkowski and Raven, 2007). The mathematical
expression for the specific growth rate l is chosen using Droop
model (Droop, 1968):
lðqnÞ ¼ l 1ÿ
Q0
qn
 
ð4Þ
where l and Q0 represent the theoretical maximum growth rate
and the minimum nitrogen quota allowing growth, respectively.
The sugar compartment g is then used in a second stage to syn-
thesize the functional elements of the biomass f:
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Fig. 1. Operating conditions for experiment with Isochrysis aff. galbana. Dilution
rate variations impose various nitrogen limitations. At the end, in photobioreactor A
dilution was stopped to obtain a nitrogen starvation whereas in photobioreactor B a
nitrogen limitation was imposed with a low dilution rate.
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g !
aqðsÞx
f ð5Þ
This reaction corresponds mainly to the synthesis of proteins
and nucleic acids, which depends on nitrogen availability. We
therefore consider as in Ross and Geider (2009) that the synthesis
rate is proportional to the nitrogen assimilation rate.
The sugar compartment g is also used in a parallel pathway to
synthesize free fatty acids (FFA):
g !
bqnlðqnÞx
FFA ð6Þ
We assume that this rate of fatty acid synthesis depends on the
photosynthesis rate lðqnÞ, but that it is also modulated by the
nitrogen quota. This assumption is based on the work of Sukenik
and Livne (1991) who have explored the relationship between
growth rate and lipid production in nitrogen limited cultures of
Isochrysis aff. galbana.
These fatty acids are then mobilized to the production of func-
tional carbon (mainly membranes):
FFA !
cqðsÞx
f ð7Þ
The rate of this reaction is assumed to be proportional to the
synthesis of proteins and nucleic acids (reaction (5)).
Finally, as free fatty acids are not stored in the cell (Ohlrogge
and Browse, 1995; Guschina and Harwood, 2009), neutral lipids
(i.e. mainly triglycerides) are used to store or to provide fatty acids
when there is a disequilibrium between fatty acid synthesis (reac-
tion (6)) and mobilization (reaction (7)):
FFA$ l ð8Þ
We assume that this reaction rate is fast enough compared to
the other reactions to maintain a constant FFA quota. Moreover,
we consider that FFA pool is of negligible size (Ohlrogge and
Browse, 1995; Guschina and Harwood, 2009) so that the model
does not describe its dynamic.
A representation of the carbon flows is given in Fig. 2a. This
scheme can be simplified (see Fig. 2b) assuming a low and constant
FFA quota.
Assuming that the main mass transfer of carbon and nitrogen
can be summarized by the reactions (1)–(8), the time-varying evo-
lution equations resulting frommass balances considerations (Bas-
tin and Dochain, 1990) in a homogeneous photobioreactor are
given by:
_s ¼ Dsin ÿ qðsÞxÿ Ds
_n ¼ qðsÞxÿ Dn
_g ¼ ð1ÿ bqnÞlðqnÞxÿ aqðsÞxÿ Dg
_l ¼ bqnlðqnÞxÿ cqðsÞxÿ Dl
_f ¼ ðaþ cÞqðsÞxÿ Df
8>>>><
>>>:
ð9Þ
where D is the dilution rate (ratio of the influent flow rate over the
photobioreactor volume) and sin the influent nitrate concentration.
From Eq. (9) we can deduce the dynamics of the nitrogen quota
qn, the carbon biomass which is the sum of the three carbon pools
x ¼ f þ g þ l, and the quotas of neutral lipid ql ¼ l=x and functional
carbon qf ¼ f=x, leading to the following set of equations:
_s ¼ Dsin ÿ qðsÞxÿ Ds
_qn ¼ qðsÞ ÿ lðqnÞqn
_x ¼ lðqnÞxÿ Dx
_ql ¼ ðbqn ÿ qlÞlðqnÞ ÿ cqðsÞ
_qf ¼ ÿqflðqnÞ þ ðaþ cÞqðsÞ
8>>><
>>>>:
ð10Þ
It is worth noting that the first three equations of system (10)
are exactly the Droop model (Droop, 1968, 1983). This model pre-
sents the advantage of being simple and having been extensively
studied and validated (Droop, 1983; Sciandra and Ramani, 1994;
Bernard and Gouzé, 1999). Moreover, the system has a cascade
structure: the dynamics of the fractions ql and qf are not involved
in the first three equations.
3. Model calibration
3.1. Parameter value computation
First, we present some model properties that will be used to
identify the parameter values. In the Droop model, it can be proved
(see Bernard and Gouzé, 1995) that the nitrogen quota stays be-
tween two bounds:
Q0 6 qn 6 Qm ð11Þ
with
Qm ¼ Q0 þ
qm
l
ð12Þ
Qm represents the maximum cell quota obtained in conditions of
non limiting nutrients, and the minimum quota, Q0, is obtained in
batch conditions after limiting nutrient depletion. Thus, we can de-
duce a maximal growth rate lm:
lm ¼ lðQmÞ ¼ l 1ÿ
Q0
Qm
 
ð13Þ
This property will be used to compute l, from the minimal and
maximal nitrogen quota Q0 and Qm:
l ¼ lm
Qm
Qm ÿ Q0
ð14Þ
In order to simplify steady state computation for the quotas of
neutral lipid ql and functional carbon q

f , the dynamics of ql and
qf in (10) can be rewritten:
Fig. 2. (a) Representation of the carbon flows. The dynamics of neutral lipids result from the unbalance between fatty acid synthesis and mobilization. (b) Model
simplification assuming that the quota of free fatty acids is very low and almost constant.
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_ql ¼ ðbÿ cÞqn ÿ ql½ lðqnÞ ÿ c _qn
_qf ¼ ðaþ cÞqn ÿ qf
 
lðqnÞ þ ðaþ cÞ _qn
(
ð15Þ
At steady state, as _qn ¼ 0, we obtain the following equilibrium:
ql ¼ ðbÿ cÞq

n
qf ¼ ðaþ cÞq

n
(
ð16Þ
The model predicts thus, at steady state, that neutral lipid and
functional carbon quotas are proportional to the nitrogen quota.
Steady state of the sugar quota qg is deduced from the relation
ql þ qf þ qg ¼ 1:
qg ¼ 1ÿ ðbþ aÞq

n ð17Þ
As both ql ðqnÞ and q

f ðqnÞ are linear increasing functions, q

gðqnÞ
is a linear decreasing function.
Parameters a; b and c can then be computed from the previous
equations, using quota measurements at steady state.
3.2. Parameter estimation
The model is calibrated using the first part of the experiment
(from the beginning to day 18), the remaining set of data is kept
in order to further evaluate the validity of the model. We uncouple
the estimation into two groups of parameters: the Droop parame-
ters (Q0; l;qm;Ks) and the intracellular carbon flow parameters
(a; b; and c). The Droop parameters can be easily determined, on
the basis of dedicated experimental conditions, and then, the car-
bon parameters are identified.
The minimal nitrogen quota Q0 is obtained from the nitrogen
quota measurement during a nitrogen starvation experiment (data
not shown). The maximum nitrogen quota Qm and specific growth
rate lm are estimated directly from the nitrogen quota measure-
ments and the dilution rate during the non-limited growth phase
(at the beginning of the experiment, see Fig. 3). The maximal
absorption rate qm and growth parameter l are obtained with rela-
tions (12) and (14). The half-saturation constant Ks is taken from
previous experiments (data not shown).
The second step of the calibration procedure concerns the intra-
cellular carbon flow parameters. The data obtained at steady state
for two dilution rates (at days 2 and 17) are used to determine,
thanks to Eq. (16), the parameters a; b, and c: using an estimation
of the slopes of ql ðqnÞ and q

f ðqnÞ lines, we obtain a system of two
equations with three unknown parameters. This system is used to
calibrate the model with only one degree of freedom and thus ob-
tain a first estimate of these parameters. Finally, the Levenberg–
Marquardt minimization algorithm (function lsqcurvefit under
MatlabÒ) initialised with these values is used as a final adjustment
between model simulation and experimental data (from the begin-
ning to day 18). Calibration results are given in Table 1.
4. Results and discussion
4.1. Model simulation
The model was simulated and results were compared with
experimental data of a Isochrysis aff. galbana culture, with various
nitrogen limitations. The second part of the experiment (from
day 18 to the end) was used in order to validate the model with
experimental data not used for model calibration. Results shown
in Fig. 3 demonstrate that the model predicts quite accurately
the dynamics of nitrate concentration s, nitrogen quota qn and bio-
mass x. This corroborates the fact that the Droop model has been
widely validated (Droop, 1983; Sciandra and Ramani, 1994; Ber-
nard and Gouzé, 1999) for its aptitude to predict both biomass
and remaining inorganic nitrogen. The low nitrogen quota for most
of the experiment confirms that the cells are nitrogen limited, and
that several levels of limitation are experimented, ranging from
starvation to repletion. The simulated and experimental distribu-
tions of intracellular carbon between sugars, neutral lipids and
functional pool are presented in Fig. 4. The model accurately pre-
dicts the behaviour of the carbon quotas during all the experiment,
in spite of the fact that it has been calibrated only with the first
part of the experiment. Moreover, the evolution of the distribution
of intracellular carbon is well described both in steady states and in
dynamic conditions.
4.2. Steady states
We can also analyse the behaviour of the model in order to
explain the complex dynamics of the distribution of intracellular
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Fig. 3. Comparison of the Droop model (lines) with the data (symbols) of Isochrysis
aff. galbana culture under various nitrogen conditions. Red lines and circles:
photobioreactor A (ended by a nitrogen starvation) and green lines and squares:
photobioreactor B (ended by a nitrogen limitation). Carbon biomass is measured
(circles and squares) and deduced from biovolume measurements (dots). Vertical
lines indicate dilution rate changes. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)
Table 1
Parameters obtained by the calibration of the model.
Parameter Value
Minimal nitrogen quota, Q0 0.05 mg[N] mg[C]
ÿ1
Maximal nitrogen quota, Qm 0.095 mg[N] mg[C]
ÿ1
Maximal growth rate, lm 1 dÿ1
Protein synthesis coefficient, a 2.6 mg[C] mg[N]ÿ1
Fatty acid synthesis coefficient, b 4.8 mg[C] mg[N]ÿ1
Fatty acid mobilization coefficient, c 3.0 mg[C] mg[N]ÿ1
Half-saturation constant, Ks 0.018 mg[N] L
ÿ1
Theoretical maximum growth rate, la 2:11 dÿ1
Maximal uptake rate, qma 0.095 mg[N] mg[C]
ÿ1 dÿ1
a Parameters computed from Q0;Qm and lm .
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carbon. In stabilized culture, Eqs. (16) and (17) show that the quo-
tas of neutral lipid, sugar and functional carbon are linearly corre-
lated to the nitrogen quota. This result is validated with the
experimental data obtained at steady states in chemostats run at
various dilution rates (see Fig. 5). Therefore, a high nitrogen quota
leads at equilibrium to a high neutral lipid quota and a low sugar
quota.
4.3. Model reduction
Let us assume that we start at t0 from a steady state condition.
Let us denote d ¼ ðaþ cÞqn ÿ qf . From Eq. (16), we get dðt0Þ ¼ 0.
Moreover, using Eq. (15) we have _d ¼ ÿdlðqnÞ. As a consequence,
dðtÞ ¼ 0 for t P t0, and thus:
qf ðtÞ ¼ ðaþ cÞqnðtÞ ð18Þ
Therefore, the functional quota is proportional to the nitrogen quo-
ta. This correlation is validated by experimental data on Fig. 5. Thus,
equation _qf of the model (10) can be removed and substituted by
Eq. (18). Note that this correlation is also obtained in Ross and Geid-
er (2009). These authors consider that cellular nitrogen is contained
only in the functional pool which has a fixed N:C ratio, explaining
thus the correlation between nitrogen and functional quotas.
4.4. Hysteresis behaviour
Let us consider a situation where the cells are in a steady state
characterized by a high nitrogen content qn1. If the dilution rate is
decreased, the cells undergo a decrease of their nitrogen quota
down to a value qn2 < q

n1. This means that, during this transient,
we have _qn < 0 (Bernard and Gouzé, 1995). We consider variable
z ¼ ql ÿ ðbÿ cÞqn representing the distance between the lipid quo-
ta and its equilibrium value . Using Eq. (15) for _ql, the dynamics of z
are:
_z ¼ ÿzlðqnÞ ÿ b _qn ð19Þ
As z is initially null (steady state), z remains non-negative during
this transient so that ql stays above the equilibrium line of equation
ql ¼ ðbÿ cÞq

n. Once the nitrogen quota has reached its steady state
value, we have _qn ¼ 0. It follows that z tends toward zero and ql fi-
nally reaches its steady state on the line ql ¼ ðbÿ cÞq

n.
Note that this behaviour is possible only since lðqnÞ is not zero,
and is decreasing from lðqn1Þ down to lðqn2Þ > 0.
This transient behaviour of ql is observed on Fig. 5 (phase 1).
The same reasoning can explain the behaviour of the lipid con-
tent, when the internal nitrogen quota is increased (following for
example an increase in the dilution rate). In this case, we can show
that ql will increase but stay under the line q

l ¼ ðbÿ cÞq

n (see
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Fig. 4. Comparison of the predicted neutral lipid and sugar quotas (lines) with
experimental data (symbols) of Isochrysis aff. galbana culture under various
nitrogen limitation rates. Red lines and circles: photobioreactor A (ended by a
nitrogen starvation) and green lines and squares: photobioreactor B (ended by a
nitrogen limitation). Vertical lines indicate dilution rate changes. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 5, phase 2) . This behaviour leads to a phenomenon of hyster-
esis: the trajectory between two steady states when nitrogen lim-
itation is increasing is very different from the trajectory after a
decrease in nitrogen limitation (see Fig. 5).
4.5. Nitrogen starvation
In case of nitrogen starvation (i.e. s ¼ 0), qn decreases from Qm
down to Q0 (where growth stops). The lipid quota does not reach
the equilibrium line but since growth stops, it reaches a steady
state value qyl which can be computed as follows (see Appendix A
for details):
qyl ¼ Q0 ðbÿ cÞ þ b ln
Qm
Q0
  
ð20Þ
If the parametric condition
bÿ c
b
<
Q0
Qm ÿ Q0
ln
Qm
Q0
 
ð21Þ
is verified, expression (20) shows that the final lipid content after
nitrogen exhaustion is greater than ðbÿ cÞQm, the maximum
amount of lipid reached in balanced growth. It means that lipid con-
tent is higher after nitrogen starvation, that at unlimited growth
rate. With the computed parameters (Table 1), condition of Eq.
(21) is fulfilled for Isochrysis aff. galbana. Nitrogen starvation at
the end of the experiment in photobioreactor A confirms this result:
the lipid content is increased during the batch phase where internal
nitrogen quota reaches its minimal value. Nevertheless, the lipid
content response to nitrogen starvation is known to be highly spe-
cies dependent, and some species can reach higher lipid quota in
nitrogen replete conditions compared to nitrogen starvation (Grif-
fiths and Harrison, 2009). This means that the condition of Eq.
(21) may not be satisfied for such species.
A comparison between nitrogen limitation (starting at day 2
and 31 in photobioreactor B) and nitrogen starvation (starting at
day 31 in photobioreactor A) is of particular interest. The model
predicts that such a protocol should lead to radically different
behaviour of neutral lipid quota. For nitrogen limitation, a lower
value of the lipid content should be reached after a transient in-
crease, while the starvation should lead to an enhanced value of
ql, higher than the maximum obtained in balanced growth condi-
tions. Fig. 4 and 5 show that these predictions are experimentally
verified.
4.6. Behaviour of sugar quota
Using the same approach as in Section 4.4, we can show that,
when the internal nitrogen quota is increased (resp. decreased),
the sugar quota qg will decrease over (resp. increase under) the
equilibrium line qg ¼ 1ÿ ðbþ aÞq

n. The experimental data in
Fig. 5 validates this phenomenon of hysteresis for the sugar quota.
The sugar quota qyg obtained after nitrogen starvation can be
computed from Eqs. (18) and (20):
qyg ¼ 1ÿ q
y
l ÿ ðaþ cÞQ0 ð22Þ
Note that a starvation and a limitation both lead to a sugar quota
increase but the starvation gives a smaller quota than a limitation
(see Fig. 5).
4.7. Neutral lipid accumulation
The proposed model, supported by the experimental results,
can help in explaining the distribution of intracellular carbon. Dur-
ing nitrogen starvation, production of functional carbon (reactions
(5) and (7)) is stopped so that the incoming carbon is stored in
sugar and neutral lipid pools, leading to an increase of these quotas
until growth stops (once the nitrogen quota has reached its mini-
mum) (Thompson, 1996; Sobczuk and Chisti, 2010).
The distribution of intracellular carbon points towards a com-
plex behaviour in response to other nitrogen conditions (see
Fig. 4 and 5). The dynamic of neutral lipid quota is due to the
imbalance between biomass growth (inducing intracellular dilu-
tion) and neutral lipid net production. Neutral lipid net production
(reaction (8)) is itself the difference between fatty acid production
(reaction (6)) and its mobilization (reaction (7)). It is generally ac-
cepted that microalgae produce more fatty acids than they need
under non-stress conditions (Thompson, 1996) leading thus to
the production of neutral lipids to store the excess.
From extensive simulations, it appears that neutral lipid net
production predicted by the model is always positive except dur-
ing the transient recovery from nitrogen starvation or limitation.
This result is consistent with observations of Khozin-Goldberg et
al. (2005) with Parietochloris incisa which show that neutral lipid
are mobilized for the construction of chloroplastic membranes fol-
lowing recovery from nitrogen starvation. Livne and Sukenik
(1992) have also suggested that the recovery of lipid synthesis rate
was slower than division rate. Therefore, in such a case, neutral lip-
ids are mobilized in order to compensate for the delay in the fatty
acid productions and ensure rapid recovery of growth.
Note that neutral lipid utilization is also observed in response to
a low-temperature induced stress (Cohen et al., 2000) or in dark-
ness (Thompson, 1996). The light and temperature effects on
growth and lipid accumulation are beyond the scope of this article
but the model could be modified to take it into account.
4.8. Neutral lipid and sugar productivities
In a continuous culture, the steady states computed using Eq.
(10) are defined by Eq. (16) and:
qn ¼
lQ0
lÿD
s ¼ KsDq

n
qmÿDq

n
x ¼ sinÿs

qn
8>><
>>:
ð23Þ
Biomass, sugar and neutral lipid productivities (denoted,
respectively, Px; Pg and Pl) in a continuous culture at equilibrium
can be computed from model equations as follows:
Px ¼ Dx

Pg ¼ Dx
qg
Pl ¼ Dx
ql
8><
>: ð24Þ
The model accurately predicts the experimental productivities in
continuous culture (see Fig. 6). It can thus forecast the maximal
neutral lipid productivity, obtained for a growth rate l ¼ 0:95 dÿ1,
i.e. for 95% of the maximal growth rate. The productivity trade-off
is then mainly driven by the growth rate. The maximal sugar pro-
ductivity is obtained for a growth rate l ¼ 0:66 dÿ1, i.e. for 66% of
the maximal growth rate. In that case, the corresponding trade-off
is more influenced by carbohydrate accumulation. As this work is
focused on lipid kinetics in relation to nitrogen status, only diluted
cultures have been considered in order to avoid any experimental
bias due to light change or light gradient. The prediction of maximal
reachable productivities for high density culture should then also
include modelling of growth in the light gradient, involving radia-
tive transfer modelling (Pruvost et al., 2009).
This steady state analysis for a continuous process can, how-
ever, not straightforwardly be compared to the productivity ob-
tained in batch. In such a case, the previous scenario of
continuous production must be compared to a scenario of two
stage batch production, with a first phase of biomass growth and
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a second phase of nitrate exhaustion and nitrogen starvation, as
proposed by Huntley and Redalje (2007). From a theoretical point
of view, this is a complex and challenging optimal control problem
with non-linear dynamics. However, to solve such a problem, light
intensity must also be taken into account in the model, and a
radiative transfer model must be associated to predict the light
gradient. Only the outcome of these two models can predict pro-
ductivity in realistic large-scale production, i.e. under natural irra-
diance and light limitation. Currently, insufficiently rigorous
experimental data limit comparison of these two possible working
modes (Griffiths and Harrison, 2009). Finally, a combination of
these two working modes may be the optimal solution: a biomass
production in continuous culture followed by a batch starvation in
order to increase the neutral lipid content (Sobczuk and Chisti,
2010).
5. Conclusions
We have presented a model for neutral lipid production by
microalgae. Its strength is to predict accurately both the steady
state and the transient phases in various physiological conditions
from low nitrogen limitation to starvation. The model, based on
the Droop approach, has a minimal degree of complexity so that
it can be mathematically analysed. It highlights and explains the
hysteresis phenomenon in neutral lipid production which has
been experimentally verified: the lipid dynamics after nitrogen
starvation is highly different from the dynamics after nitrogen
recovery. The model must be assessed and validated with other
microalgal species. Coupled with a model of light distribution, it
will then be used to predict and optimize lipid production in
the perspective of large-scale biofuel production.
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Appendix A. Computation of final lipid quota after nitrogen
starvation
The dynamics of qn and ql, once external nitrate have been ex-
hausted are:
_qn ¼ ÿlðqnÞqn
_ql ¼ ðbqn ÿ qlÞlðqnÞ

ð25Þ
Using these equations, the dynamic of v ¼ ql
qn
is:
_v ¼
qn _ql ÿ ql _qn
q2n
¼ ÿ
b
qn
_qn ð26Þ
Integrating from t1 to t2, we obtain:
v2 ÿ v1 ¼
Z t2
t1
_v dt ¼
Z qn2
qn1
ÿ
b
qn
dq ¼ ÿb ln qn½ 
qn2
qn1
ð27Þ
Now consider a complete starvation from a non-limited equilib-
rium, i.e. qn1 ¼ Qm; ql1 ¼ ðbÿ cÞQm; qn2 ¼ Q0 and ql2 ¼ q
y
l , the last
expression becomes:
qyl
Q0
ÿ
ðbÿ cÞQm
Qm
¼ ÿb ln qn½ 
Q0
Qm
¼ b ln
Qm
Q0
ð28Þ
From this equation, we can deduce the expression of qy
l
.
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